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Abstract
LetM1 andM2 be two matroids on the same ground set S. We conjecture that if there do not exist
disjoint subsets A1, A2, . . . , Ak+1 of S, such that
⋂
ispM1(Ai) = ], and similarly for M2, then S
is partitioned into k sets, each independent in both M1 and M2. This is a possible generalization of
König’s edge-coloring theorem. We prove the conjecture for the case k = 2 and for a regular case, in
which both matroids have the same rank d, and S consists of k · d elements. Finally, we prove another
special case related to a conjecture of Rota.
© 2005 Elsevier B.V. All rights reserved.
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1. The problem
A matroid is a hereditary familyM of subsets (called independent) of a ﬁnite ground set
S that satisﬁes an exchange axiom: If A,B ∈ M and |B|> |A| then there exists x ∈ B\A
such that A ∪ {x} ∈ M . A maximal independent set is called a base. An element x ∈ S is
spanned by A, if either x ∈ A or I ∪ {x} /∈M for some independent set I ⊆ A. The span of
A, denoted sp(A), is the set of all elements spanned byA. The size of a maximal independent
subset in A ⊆ S is the rank of A, denoted here by (A). When two matroids M1 and M2
are concerned, spi (A) denotes the span of A inMi , and i will stand for the rank function
ofMi . The necessary background on matroids can be found in [17,13] or [16].
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In this paper, a matroidM on S is said to have a k-partition if S has a partitionA1, . . . , Ak
such that Ai ∈ M (i = 1, . . . , k). An element x ∈ S is k-spanned in M if x has k disjoint
spanning sets in M (including the trivial spanning of an element by itself).
The following proposition can be easily proved by induction on |S|:
Proposition 1.1. If no element of a matroid M is k + 1-spanned then M has a k-partition.
We say here that a system of two matroidsM1 andM2 on S has a common k-partition if
S has a partition A1, . . . , Ak such that Ai ∈ M1 ∩M2 (i = 1, . . . , k).
The fact that each of two matroids has a k-partition does not necessarily imply the ex-
istence of a common k-partition for the system. A simple counterexample appears in [16]:
On the ground set of all edges of the complete graph K4 deﬁne M1 as the cycle matroid
of K4 and M2 as the partition matroid, where each set of the partition is a matching of
size two.
Recently, Aharoni and Berger [2] used topological methods to show that a k-partition of
each matroid does yield a common 2k-partition.
When both matroids are base orderable, a k-partition of each of the two matroids does
imply a common k-partition of the whole system, as proved by Davies and McDiarmid
[5]. In particular, when both matroids are partition matroids, we get König’s edge-coloring
theorem [11]:
The edges of a bipartite graph with a maximal degree  can be decomposed into 
matchings.
The following is a possible generalization of König’s edge-coloring theorem:
Conjecture 1.2. LetM1 andM2 be two matroids on S. If no element of S is k+1-spanned
in eitherM1 orM2, then the system has a common k-partition.
2. The regular case
A simple strategy for proving König’s edge-coloring theorem is to add vertices and edges
in order to make the bipartite graph regular and then iteratively apply the Hall–Frobenius
Marriage Theorem. The same strategy can be adopted to solve the regular case of the
conjecture.
Theorem 2.1. LetM1 andM2 be twomatroids on S where 1(S)=2(S)=d and |S|=k ·d.
If no element of S is k + 1-spanned in either M1 or in M2 then the system has a common
k-partition.
Proof. Follows by combining Edmonds’ covering and packing theorems with the appro-
priate version of Edmonds’ intersection theorem [8] (see [16] or [17] for details). We recall
that the restriction matroid ofM to a subset A of S, denoted byM|A, consists of all subsets
I of A, such that I ∈ M . We writeM\A for M restricted to S\A. The contraction matroid
ofM to a subset A, denoted byM.A, consists of all the subsets X of A such that there exits a
base B ofM\A, such that X ∪ B ∈ M .
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Theorem 2.2 (Edmond’s packing theorem [7]). A matroid M on S has k disjoint spanning
sets if and only if (M.A)k(A) for all A ⊆ S.
Theorem 2.3 (Edmond’s covering theorem [6]). A matroid M on S has k disjoint indepen-
dent sets whose union is S if and only if |A|k(A) for all A ⊆ S.
The following theorem is a matroidal version of Hall’s theorem that easily implies
Edmonds’ intersection theorem and vice versa (as noticed in[1]).
Theorem 2.4. There exists a subset of S which spansM1 and is independent inM2 if and
only if 1(M.A)2(A) for all A ⊆ S.
Since no member ofM1 orM2 is k+1-spanned, by Proposition 1.1, each of the matroids
has a k-partition. Since |S| = k · d , each matroid consists of k disjoint bases. Applying
Theorem 2.2 to M1 we get (M1.A)k · |A| for all A ⊆ S, and applying Theorem 2.3
to M2 we get |A|k2(A) for all A ⊆ S. From these two last inequalities it follows that
1(M.A)2(A) for all A ⊆ S. Hence, by Theorem 2.4 there exists a base B ofM1 which
is independent inM2. Since 2(S)= d the set B is also a base ofM2. After deleting B from
S no element is k-spanned in M1\B or in M2\B. Hence we may deduce the theorem by
induction on k. 
3. The case k = 2
We use the common notation A + x for A ∪ {x} and A − x for A\{x}. A circuit is a
minimal dependent set. When I is independent but I + x is not we shall denote the unique
minimal subset of I that spans x byC(I, x), thusC(I, x)+x is circuit.When two matroids,
M1 andM2, are concerned, Ci(I, x) will denote the corresponding set inMi .
Theorem 3.1. LetM1 andM2 be two matroids on S. If no element of S is 3-spanned inM1
or inM2 then the system has a common 2-partition.
Proof. Let I be a maximal set having a common 2-partition, and assume for contradiction
that I = S. Let A, B be a common 2-partition of I, namely A,B ∈ M1 ∩M2, A ∪ B = I
and A ∩ B =]. Let x ∈ S\I .
Claim. We can assume, without loss of generality, that A + x ∈ M1\M2 and B + x ∈
M2\M1.
Proof of the Claim. We may clearly assume that A + x /∈M1 ∩M2 since otherwise the
pair (A + x, B) would be a common 2-partition of I + x, contradicting the maximality
of I. Similarly B + x /∈M1 ∩M2. Also, A + x must be in one of the matroids M1 or M2,
otherwise x would be spanned in both M1 and M2 by A; thus, since x lies in at most one
circuit, B + x ∈ M1 ∩M2, contradicting the maximality of I again. Similarly, B+xmust be
in one of the matroidsM1 orM2. If A+ x and B + x are both inM1 then x is spanned in
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M2 by both A and B, contradicting the assumption that x lies in at most one circuit inM2.
Similarly, A+ x and B + x cannot be both inM2. This proves the claim. 
We show that the assumption that I is maximal implies an inﬁnite process of exchanging
elements of A with elements of B. Assume that A + x ∈ M1\M2 and let a1 ∈ C2(A, x).
Since a1 has no two disjoint spanning sets inM2 we have a1 /∈ sp2(B). Hence,B+a1 ∈ M2.
Clearly, A + x − a1 ∈ M1 ∩M2. If B + a1 ∈ M1, then the pair (A + x − a1, B + a1) is
a common 2-partition of I + x, contradicting the maximality of I. Hence we may assume
that a1 ∈ sp1(B). Let b1 ∈ C1(B, a1). Since b1 lies in at most one circuit inM1, it follows
that b1 /∈ sp1(A+ x− a1). Hence A+ x− a1+ b1 ∈ M1. Clearly B + a1− b1 ∈ M1 ∩M2.
Using a similar argument as above we may assume b1 ∈ sp2(A+ x − a1).
Now, suppose we succeeded in carrying out n exchanges of {a1, a2, . . . , an} ⊂ A with
{b1, b2, . . . , bn} ⊂ B to obtain B + a1 − b1 + · · · + an − bn ∈ M1 ∩M2, A + x − a1 +
b1 − · · · − an + bn ∈ M1 and A+ x − a1 + b1 − · · · − an ∈ M2.
If bn /∈ sp2(A + x − a1 + b1 − · · · − an) then A + x − a1 + b1 − · · · − an + bn and
B+a1−b1+· · ·+an−bn are a common 2-partition of I+x, contradicting the maximality
of I . Hence A+ x − a1 + b1 − · · · − an /∈M2 and since {x, b1, b2, . . . , bn} ∈ M2 (see the
claim) there exists an+1 ∈ A∩C2(A+x−a1+b1−· · ·−an, bn). Now, an+1 has at most one
circuit inM2 and thusB+a1−b1+· · ·+an−bn+an+1 ∈ M2.As before, by themaximality
of I , we may assume that B + a1 − b1 + · · · + an − bn + an+1 /∈M1. A similar argument
implies the existence of bn+1 ∈ B such thatB+a1−b1+· · ·+an−bn+an+1−bn+1 ∈ M1
and A+ x − a1 + b1 − · · · − an + bn+1 ∈ M1.
We have shown that the maximality of I implies that the process of exchanging elements
of A with elements of B will continue. This contradicts the ﬁniteness of A ∪ B. 
4. A conjecture of rota
Another sufﬁcient condition for partitioning two matroids into k common independent
sets was conjectured by Rota:
For a partition A1, A2, . . . , An of a ground set S, we call a subset C ⊆ S colorful if no
two members of C belong to the same Ai (i = 1, . . . , n).
Rota’s conjecture (Huang and Rota [9]). Let B1, B2, . . . , Bd be a partition of S into d
bases of a matroid of rank d , then S is the disjoint union of d colorful bases.
For some solved cases of Rota’s Conjecture see [3,9,12,14,18]. For possible generaliza-
tions see [4,10].
For the proof of the following theorem we use the well-known theorem of Rado [15]:
Rado’s theorem. LetM be a matroid deﬁned over a ground set S and let A1, A2, . . . , An
be a family of subsets of S. Then S contains a colorful independent subset of size n if and
only if
|J |
(⋃
i∈J
Ai
)
(J ⊆ {1, . . . , n}). (*)
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Now, let M be a matroid on a ground set S with a partition A1, A2, . . . , An. An element
x ∈ S is k-colorfully spanned if x has k disjoint colorful spanning sets in M.
Theorem 4.1. LetMbeamatroid deﬁnedover aground set S of size k·d. LetA1, A2, . . . , Ad
be a partition of S, such that |Ai | = k (i = 1, . . . , n), and assume that no element of M
is k + 1-colorfully spanned. Then (a) S has a colorful independent set of size d. (b) If, in
addition, d = (S), then there exists a partition of S into k colorful bases.
Proof. We prove (a) and (b) simultaneously by induction on k and d. By the induc-
tion hypothesis on d, (a) holds for M|(S\Ad). Then, by Rado’s theorem, (*) holds for
A1, . . . , Ad−1.We show that (a) holds forM by showing that (*) holds forA1, A2, . . . , Ad .
Let J ⊆ {1, . . . , d}. We may assume that d ∈ J , otherwise we are done. Let J ′ = J\{d}.
Let W = ⋃i∈JAi and W ′ = W\Ad . By the induction hypothesis, (*) holds for J ′, i.e.|J | − 1 = |J ′|(W ′). If this is a strict inequality, then |J |(W), and (*) holds for J.
Hence, suppose |J |−1=|J ′|=(W ′). The matroidM|W ′ has the partition{Ai}i∈J ′ with no
element being k+ 1-colorfully spanned. Since |J ′|<d and |J ′| = (W ′), by the induction
hypothesis on d in part (b), the corresponding system has a partition into k colorful bases
of M|W ′. Let x ∈Ad . If x ∈ sp(W ′), then it is spanned by each of the k colorful bases of
M|W ′, and together with itself, it is k + 1-colorfully spanned in S, contradicting the theo-
rem’s hypothesis. Hence x /∈ sp(W ′), and thus (W ′)<(W). It follows that |J |(W),
so that (*) holds for J, and hence for the system A1, A2, . . . , Ad . By Rado’s theorem S
has an independent colorful subset B of size d. Now, assuming d = (S) as in (b), B is a
colorful base of S. Since no element of S is k+ 1-colorfully spanned, no element of S\B is
k-colorfully spanned. By the induction hypothesis on k in (a), S\B has a colorful indepen-
dent subset of size d, thus d (S\B). Clearly d=(S)(S\B), hence d=(S\B). By
induction on k in part (b), S\B can be partitioned into k − 1 colorful bases. These bases,
together with the base B, form a partition of S into k colorful bases. This proves (a) and (b).

As a corollary we obtain a special case of Rota’s conjecture:
Corollary 4.1. IfB1, B2, . . . , Bd is a partition of S into d bases of a matroid of rank d, such
that no element of S is k + 1-colorfully spanned, then S is the disjoint union of d colorful
bases.
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